
SUPPLEMENTARY TEXT 

Here are the detailed equation derivations to introduce how to calculate knee moments 

based on the proposed human dynamic model. 

The coordinates of each COM are as follows： 

⎩⎪⎪⎪
⎪⎨
⎪⎪⎪⎪
⎧ቂ𝑥ଵ𝑦ଵቃ =  𝐿 𝑠𝑖𝑛 𝜃் − 𝐿௧ 𝑠𝑖𝑛 𝜃் + 𝐿௦ 𝑠𝑖𝑛 𝜃ௌ𝐿௦ 𝑐𝑜𝑠 𝜃ௌ + 𝐿௧ 𝑐𝑜𝑠 𝜃் + 𝐿 𝑐𝑜𝑠 𝜃்൨

ቂ𝑥ଶ𝑦ଶቃ = ൦𝐿௦ 𝑠𝑖𝑛 𝜃ௌ − 12 𝐿௧ 𝑠𝑖𝑛 𝜃்𝐿௦ 𝑐𝑜𝑠 𝜃ௌ + 12 𝐿௧ 𝑐𝑜𝑠 𝜃்൪
ቂ𝑥ଷ𝑦ଷቃ = ൦12 𝐿௦ 𝑠𝑖𝑛 𝜃ௌ12 𝐿௦ 𝑐𝑜𝑠 𝜃ௌ൪

 (7) 

The square of the velocity of each COM is： 

𝑣ଶ = 𝑥ሶଶ + 𝑦ሶଶ (8) 

The relative kinetic energies are 𝑇ଵ, 𝑇ଶ, and 𝑇ଷ respectively; the potential energies are 𝑈ଵ, 𝑈ଶ, and 𝑈ଷ respectively. The total kinetic energy 𝑇 and the total potential energy 𝑈 of the 

system are the sums of these individual contributions. 

⎩⎪⎨
⎪⎧ 𝑇ଵ = 12 𝑀𝑣ଵଶ + 12 𝐼ଵ𝜃ሶ்ଶ

𝑇ଶ = 12 𝑀௧𝑣ଶଶ + 12 𝐼ଶ𝜃ሶ்ଶ
𝑇ଷ = 12 𝑀௦𝑣ଷଶ + 12 𝐼ଷ𝜃ሶௌଶ

 (9) 

⎩⎪⎨
⎪⎧𝑈ଵ = 𝑀𝑔ሺ𝐿௦ 𝑐𝑜𝑠 𝜃ௌ + 𝐿௧ 𝑐𝑜𝑠 𝜃் + 𝐿 𝑐𝑜𝑠 𝜃்ሻ𝑈ଶ = 𝑀௧𝑔 ൬𝐿௦ 𝑐𝑜𝑠 𝜃ௌ + 12 𝐿௧ 𝑐𝑜𝑠 𝜃்൰𝑈ଷ = 12 𝑀௦𝑔𝐿௦ 𝑐𝑜𝑠 𝜃௦

 (10) 

where the moments of inertia for the centroids at AB, BC, and CD are 𝐼ଵ, 𝐼ଶ, and 𝐼ଷ, 

respectively. 



𝐼ଵ = 𝑀𝐿ଶ12 , 𝐼ଶ = 𝑀௧𝐿௧ଶ12 , 𝐼ଷ = 𝑀௦𝐿௦ଶ12  (11) 

The Lagrangian function of this model is: 

𝐿 = 𝑇൫𝜃, 𝜃ሶ൯ − 𝑈ሺ𝜃ሻ (12) 

The knee torque (𝜏) can be derived from (8): 

𝜏 = 𝑑𝑑𝑡 𝜕𝐿𝜕𝜃ሶ − 𝜕𝐿𝜕𝜃 (13) 

where 𝜃 = 𝜃் + 𝜃ௌ represents the knee angle. The parameters 𝑀, 𝑀௧, 𝑀௦, 𝐿, 𝐿௧ 

and 𝐿௦ are calculated using data in [1].  
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